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Abstract

Based on the concept of accessible subhemirings and inspired by the work on the general
Kurosh-Amitsur radical theory for rings, this paper studies the lower radical classes and the
hereditary radical classes of hemirings. We characterize radical classes of hemirings, and con-
struct a lower radical class from a homomorphically closed class. We provide a necessary and
sufficient condition under which an upper radical class of hemirings becomes hereditary and
prove that an upper radical class of a regular class of semirings is hereditary. Besides, we show
that the Brown-McCoy radical class and a Jacobson-type radical class are hereditary.
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1 Introduction

A very general setting for Kurosh-Amitsur radical theory was presented in [1] by Márki, Mlitz
and Wiegandt, developed in a category which satisfies six axioms of a rather general nature. In a
hemiring setting, Olson and co-authors [2–5] started to develop a Kurosh-Amitsur radical theory.
Motivated by the Kurosh-Amitsur radical theory for rings (see [6], for example), Hebisch, Weinert
and Morak [7–10] developed a Kurosh-Amitsur radical theory for hemirings. Although the main
concepts in the radical theory for hemirings are defined similarly to those in the radical theory for
rings, detailed developments (e.g., considerations, proofs) for the former may be different and more
complicated. In this paper, based on the concept of accessible subhemirings and inspired by the
work on the general Kurosh-Amitsur radical theory in [1], we study the lower radical classes and
the hereditary radical classes of hemirings.

The paper is organized as follows. We describe in Section 2 some important notions and facts
on hemirings and semimodules, as well as the Kurosh-Amitsur radical theory of hemirings. More
details on the Kurosh-Amitsur radical theory of hemirings can be found in [8–11], and on hemiring
theory in [12]. In Section 3, we characterize radical classes of hemirings (Proposition 3.1), construct
a radical class from a homomorphically closed class (Theorem 3.2) and prove that it is a lower
radical class (Corollary 3.4). In Section 4, we give a necessary and sufficient condition under which
an upper radical class of hemirings becomes hereditary (Theorem 4.1) and prove that the upper
radical class of a regular class of semirings is hereditary (Theorem 4.2). In addition, we note that
the Brown-McCoy radical class and the radical class Js are hereditary (Corollaries 4.3 and 4.6).
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2 Preliminaries

Recall from [12] that a hemiring R is an algebra (R,+, ·, 0) such that the following conditions are
satisfied:

(1) (R,+, 0) is a commutative monoid with identity element 0;
(2) (R, ·) is a semigroup;
(3) multiplication distributes over addition on either side;
(4) 0r = 0 = r0 for all r ∈ R.

A hemiring R is called a semiring if its multiplicative semigroup (R, ·) is a monoid with identity
element 1. The notions of (two-sided) ideal, left ideal and right ideal of a hemiring R are defined
similarly as for rings. The k-closure I = {r ∈ R | r + i ∈ I for some i ∈ I} of an ideal I is an ideal
of R. An ideal I of a hemiring R is called a k-ideal (or subtractive) if I = I; that is, for all x, a ∈ R,
if x + a, a ∈ I then x ∈ I. Denote by I(R) and K(R) the sets of all ideals and all k-ideals of R,
respectively.

As usual, a left R-semimodule is a commutative monoid (M,+, 0M ) together with a scalar
multiplication (r,m) 7→ rm from R×M to M that satisfies the following identities for all r, r′ ∈ R
and m,m′ ∈M :

(1) (rr′)m = r(r′m);
(2) r(m+m′) = rm+ rm′;
(3) (r + r′)m = rm+ r′m;
(4) r0M = 0M = 0m.

Right R-semimodules are defined dually. For semirings, we require semimodules to be unitary
in the usual sense. Denote by MR and RM the categories of all right and left R-semimodules,
respectively. For a left R-semimodule M , the ideal (0 : M)R = {r ∈ R|rM = 0} of R is called the
annihilator of M .

Any ideal I of a hemiring R induces on R a congruence relation ≡I , which is referred to as
Bourne relation [12, p.78] and is given by: r ≡I r′ iff there exist elements i1, i2 ∈ I such that
r + i1 = r′ + i2. Denote the factor hemiring R/≡I by R/I. It is easy to see that ≡I and ≡I on R
coincide for any ideal I of R, and hence R/I = R/I holds for all ideals I of R.

Katsov and Nam in [11] briefly reviewed the Kurosh-Amitsur radical theory of the category
H of all hemirings, which was developed by various scientists in [2–5, 7–10]. In this theory, a
nonempty subclass U of H is said to be hereditary if R ∈ U implies I(R) ⊆ U, and homomorphically
closed if R ∈ U implies ϕ(R) ∈ U for each homomorphism ϕ of R. If U is both hereditary and
homomorphically closed, then it is said to be universal. Similarly to the radical theory of rings, there
are three equivalent approaches to the Kurosh-Amitsur radical theory of hemirings, by means of
radical classes, of radical operators, and of semisimple classes. These approaches are independently
defined in a fixed universal class U ⊆ H of hemirings. Define T = {S ∈ H | |S| = 1} as the class of
all trivial hemirings. A class M is said to be regular if for every R ∈ M and every nonzero ideal I
of R, there exists a nonzero surjective homomorphism I → J such that J ∈M.

A nonempty subclass R in a fixed universal class U ⊆ H is called a radical class of U if R satisfies
the following two conditions [8]:

(1) R is homomorphically closed;
(2) for every hemiring R ∈ U\R, there is a k-ideal K ∈ K(R)\{R} such that I(R/K)∩R = {0}.
A mapping ρ : U → U is called a radical operator in U if it assigns to each hemiring R ∈ U a

k-ideal ρ(R) ∈ K(R) ⊆ U such that the following conditions are satisfied for all S, T ∈ U [8]:
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(1) ϕ(ρ(S)) ⊆ ρ(ϕ(S)) for each homomorphism ϕ : S → T ;
(2) ρ(S/ρ(S)) = {0};
(3) if ρ(T ) = T is an ideal of S then T ⊆ ρ(S);
(4) ρ(ρ(S)) = ρ(S).

3 On lower radical classes

As in the case of rings (see, for example, [6]), a subhemiring S of a hemiring R is said to be accessible
if there exists a finite sequence of subhemirings S1, ..., Sn of R such that S = S1 ≤ S2 ≤ ... ≤ Sn =
R, where Si is an ideal of Si+1. The category of hemirings considered in this paper satisfies the six
axioms in [1]. The relation “S is an accessible subhemiring of a hemiring R” is an “M -relation” in
the sense of [1], and it is homomorphically closed and transitive. Therefore, based on the general
Kurosh-Amitsur radical theory developed in [1], radical classes of hemirings can be characterized
in terms of accessible subhemirings, like in the ring case (see [6, Theorem 3.1.9]), as follows.

Proposition 3.1. For a subclass R in a universal class U ⊆ H, the following conditions are equiv-
alent:

(1) R is a radical class of U;
(2) R satisfies the following two properties:

(2a) If R ∈ R, then for every nonzero surjective homomorphism R→ S there exists a nonzero
accessible subhemiring I of S such that I ∈ R;

(2b) If R ∈ U and for every nonzero surjective homomorphism R→ S there exists a nonzero
accessible subhemiring I of S such that I ∈ R, then R ∈ R.

Let A be an arbitrary class of hemirings. In view of the characterization of radical classes
in [8, Theorem 4.7], the intersection of any set of radical classes containing A is itself a radical
class containing A, and this radical class is called the lower radical class of A and denoted by LA.
For rings there are several constructions of the lower radical. In [14], Zulfiqar carried over the
construction of Watters [16] to hemirings. Now we do the same with the lower radical construction
of Lee [15] (cf. [6, Theorem 3.3.2 and Proposision 3.3.3]).

Theorem 3.2. If A is a homomorphically closed subclass in a universal class U ⊆ H then the
subclass Y A, defined as the class of all R ∈ U such that every nonzero homomorphic image of R
has a nonzero accessible subhemiring in A, is a radical class of U that contains A.

Corollary 3.3. If R is a radical class in a universal class U ⊆ H, then Y R = R.

Corollary 3.4. If A is a homomorphically closed class in universal class U ⊆ H, then Y A is the
lower radical class of A.

The proof of Theorem 3.2 is similar to that of Theorem 3.3.2 in [6]. Corollary 3.3 follows
immediately from Theorems 3.2 and 3.7 in [10], and Theorem 7.1 in [8]. Corollary 3.4 is an
immediate consequence of Corollary 3.3.

4 On hereditary radical classes

Let M be a regular class in a universal class U ⊆ H. The class UM, defined as the class of all
R ∈ U such that any nonzero homomorphic image S of R does not belong to M, is a radical class
of U. Moreover, each radical class R in U with the property M∩R = T satisfies R ⊆ UM (Theorem
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5.3 in [8]). The radical class UM is called the upper radical class of M. Next, we give results for
hereditary radical classes of hemirings, by generalizing those for rings (Theorems 3.2.14 and 3.2.16
in [6]).

Theorem 4.1. Let M be a regular class in a universal class U ⊆ H. Then the upper radical class
UM is hereditary if and only if M satisfies the following condition: if I is a nonzero ideal of S and
A ∈ M is a nonzero homomorphic image of I, then there exists a nonzero homomorphic image B
of S such that B ∈M.

Proof. Suppose that UM is hereditary, I is a nonzero ideal of S and A ∈ M is a nonzero homo-
morphic image of I. By definition of UM, we have I /∈ UM, and hence S /∈ UM because UM
is hereditary. Thus, S has a nonzero homomorphic image B ∈ M. Conversely, suppose that M
satisfies the above condition and I is a nonzero ideal of S ∈ UM. If there exists a nonzero A ∈ M
such that it is a homomorphic image of I then, according to the above condition, S has a nonzero
homomorphic image B ∈M (contradiction). Thus, I does not have a nonzero homomorphic image
in M; that is, I ∈ UM. q.e.d.

Next we prove that the upper radical class of a regular class of semirings is hereditary.

Theorem 4.2. If M is a regular class of semirings in a universal class U ⊆ H, then the upper
radical class UM is hereditary.

Proof. Suppose that S ∈ UM has an ideal I and a nonzero surjective homomorphism ϕ : I → A
with A ∈ M. Then I/Kerϕ ∼= A, where Kerϕ = {(x, y) ∈ I2 | ϕ(x) = ϕ(y)}. Since A ∈ M, we
have I/Kerϕ ∈ M. On the other hand, I/Kerϕ is a semiring with identity element e for some
e ∈ I. By [11, Lemma 3.14], the relation % on S, defined by ∀ a, b ∈ S, a%b ⇔ (eae, ebe) ∈ Kerϕ,
is a congruence on S and the natural map π : S/% → I/Kerϕ given by r 7→ ere is a semiring
isomorphism. This shows that I/Kerϕ ∈ M is a nonzero homomorphic image of S. Therefore, by
Theorem 4.1, UR is hereditary. q.e.d.

Following El Bashir et al. [13], a semiring R is said to be ideal-simple if 0 and R are its only
ideals. Consider the class S of all ideal-simple semirings in H. It is obvious that S is a regular
class of semirings in H, and hence, the class US = {R ∈ H|R has no nonzero homomorphic images
in S} is a radical class, called the Brown-McCoy radical class, in H. This radical class has been
considered among others by Katsov and Nam [11]. Theorem 4.2 yields now the following property,
which is well known for rings.

Corollary 4.3. The Brown-McCoy radical class US is hereditary.

A left R-semimodule M is said to be simple if RM 6= {0} and there are only trivial subsemi-
modules of, as well as congruences on, M . It was proved in [11] that the mapping Js : H → H,
defined by Js(R) = ∩{(0 : M)R|M ∈

∑
R} where

∑
R = {RM ∈ RM|M is simple}, is a radical

operator in H. Hence, by [9, Theorem 2.6], the set Js = {R ∈ H | Js(R) = R} is a radical class of
H. We will next show that Js is hereditary. First, we need the following useful lemma, whose proof
is contained in the proof of [11, Proposition 3.5(iii)], although the statement of this lemma is not
formulated there explicitly.
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Lemma 4.4. Let I be an ideal in a hemiring R. We have:
(1) if M is a simple left R-semimodule, then either IM = {0} or M is a simple left I-semimodule;
(2) a simple left I-semimodule M can be extended to a simple left R-semimodule M , by the

scalar multiplication r (
∑
aimi) =

∑
(rai)mi for all ai ∈ I, mi ∈M and r ∈ R.

Theorem 4.5. For an ideal I of a hemiring R, Js(I) = I ∩ Js(R).

Proof. Because Js is a radical operator in H, we have Js(I) ⊆ I ∩ Js(R), according to [8, Theorem
6.2]. We will now show that I∩Js(R) ⊆ Js(I). Indeed, assume that x ∈ I∩Js(R) and x /∈ (0 : M)I
for some simple left I-semimodule M . Then IM may be extended to a simple left R-semimodule

RM , according to Lemma 4.4. Therefore, x /∈ (0 : M)R; that is, x /∈ Js(R). This contradicts the
assumption that x ∈ I ∩ Js(R). Hence, x ∈ (0 : M)I for all simple left I-semimodules M ; that is,
x ∈ Js(I). q.e.d.

From Theorem 4.5 above and Theorem 6.3 in [8], we have the following corollary.

Corollary 4.6. The radical class Js is hereditary.
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